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or some time researchers and clinicians
Fhave been attempting to describe and clas-

sify the human dental arch form. It is com-
monly believed that the dental arch form is ini-
tially shaped by the configuration of the
supporting bone’ and, following eruption of the
teeth, by the circumoral musculature and in-
traoral functional forces.” The dental arches were
once described by investigators in simple geo-
metric terms, such as ellipse,*® parabola,®” seg-
ments of circles joined to straight lines,®® or
modified spheres.”® It is interesting to note that
Stanton," an early investigator, concluded that
“any plan of arch determination must be flexible
enough to produce arches varying in form
through an ellipse, parabola, cubic parabola,

horseshoe, parallel sides, etc.”

More recently, Pepe!? and Germane et al.”® re-
lated the dental arch form to a catenary curve.
This curve describes the shape of a series of
linked chains or flexible cable or wire freely sus-
pended between two supports. As the two end
supports are brought together, the curve begins
to look somewhat like a dental arch. The curve
shape is dependent on the weight of each chain
or wire segment and the distance between the
supports. It would be serendipitous if the cat-
enary curve described the dental arch with any
degree of accuracy. It is notable, however, that a
recent investigator™ found the catenary curve a
better representation of the mandibular dental
arch than either the ellipse or parabola, while the
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The human dental arch form is shown to be accurately represented mathematically by the beta function. The average
correlation coefficient between measured arch-shape data and the mathematical arch shape, expressed by the beta function,
is 0.98 with a standard deviation of 0.02. Forty sets of casts—15 Class |, 16 Class ll, and 9 Class lll—were examined. A
precision machine tool device was used to record the X-, Y-, and Z-coordinates of selected dental landmarks on all casts
to 0.001 mm accuracy. The coordinates were processed through a computer curve-fitting program. The Class |l mandibular
arches had smaller arch depth and greater arch width (beginning in the premolar area) than the Class | arches. The Class
I mandibular arches exhibited generalized reduced arch width and depth compared with the Class | arches. Maxillary arch
depths were similar in all three groups. However, the Class lll maxillary arch widths were greater from the lateral incisor—
canine area distally compared with the Class | maxillary arch, and the Class Il maxillary arch form was narrower than the Class
I arch form from the lateral incisor—canine area distally. The beta function more accurately described the dental arch form
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reverse was true for the maxillary dental arch.
White' attempted to evaluate the accuracy of the
catenary curve by subjective evaluation of the
curve fit to occlusal tracings of casts. He found
the catenary curve was a “good fit” in only 27%
of the samples studied.

Recently, mathematical formulas such as the
cubic spline’®'” and other polynomial func-
tions'®*® have been adapted to describe and study
the dental arch. The results have been mixed, al-
though several have been used to produce com-
mercial arch forms.*#

This study was undertaken to determine if a
highly accurate measuring device used in the
machine tool industry can be applied to record
specific landmarks on a sample of untreated den-
tal casts, followed by the application of a com-
puter curve-fitting program to develop a
generalized equation describing the dental arch
form, and then to evaluate whether the arch
forms of Class I, Class II, and Class III occlusions
are materially different from each other. If a suf-
ficiently accurate mathematical function can be
developed, useful dynamic relationships be-
tween arch depth, width, and perimeter may
yield important clinical applications.

Vol. 68 No.1 1998

Materials and methods

Forty sets of pretreatment orthodontic models
(80 casts) of patients were selected from the clin-
ics at the Vanderbilt University Orthodontic Cen-
ter and the Orthodontic Department, University
of Illinois at Chicago. Fifteen sets of casts exhib-
ited Class I occlusion, 16 sets were Class II, and
9 sets were Class IIL. Subdivision occlusions were
not included in the study. Casts exhibiting incisal
or cuspal attrition, fracture of teeth, ectopically
erupted teeth, or deciduous teeth were excluded
from this study; only casts of fully developed
adult dentitions (including second molars) were
included.

Each cast was oriented in a Brown and Sharp
Micro Val coordinate measuring machine (North
Kingston, RI), seen in Figures 1 and 2. This de-
vice is used extensively in the precision machine
tool industry. A frictionless air bearing probe re-
corded the coordinates of a point in space in each
of the three orthogonal axes to 0.001 millimeters.
Linear accuracy was 0.006 mm, and reproducibil-
ity 0.004 mm. The casts were each secured to a
fixed plane and the touch trigger probe used to
identify each measurement point, recording the
corresponding X-, Y-, and Z-coordinates auto-
matically to a computer data file.

Coordinates were recorded at the center of each
incisor incisal edge, at the cusp tips of the canines
and premolars, and at the mesiobuccal and
distobuccal cusp tips of each molar. Eighteen
points were recorded in each dental arch. The
coordinate components of the dental arch form
in three dimensional space for each of the 80
casts were recorded in this manner. A planar pro-
jection of each arch was subsequently obtained
by reducing the Z-coordinate of each recorded
landmark to zero. A reproducibility study using
one cast was conducted to evaluate the variation
in the measurements. It revealed the percent ac-
curacy, based on the actual measurements in
each of the three coordinate axes, to be less than
0.5%.

An analytical equation of the dental arch shape
is necessary to describe the relationships between
arch width, depth, and perimeter. Many math-
ematical functions were investigated as to fit. The
beta function most closely represents the dental
arch shape. Two measurements, i.e., indepen-
dent variables, are required to generate the den-
tal arch shape. The independent variables molar
width and arch depth are readily determined
from the cast coordinate measurements. Molar
width is the measured distance between the sec-
ond molar distobuccal cusp tips in millimeters:
Arch depth is the average perpendicular distance



Form of the dental arch

Class { Mandibular

50

Class If Mandibular

Figure 4

Angle Class I maxillary
and mandibular arch
with beta function

curve fit
g - Figure 5
g H Angle Class Il maxil-
§ i lary and mandibular
a arch with beta function
curve fit
40 30 20 -1ow.du:) ) 10 20 30 40 ; Figure 6
(e 40 Angle Class Ill maxil-
Width (mum) lary and mandibular
arch with beta function
curve fit
Figure 7
Clas I Masilary _I-\verage (typlcal)_ max-
Class 1T Mailtary illary and mandibular
50 arch shapes for Class
04 SOT 1, Il, and i1l occlusions
E 30 + ——Fit
§ 20 4 E
10 é
a
-40 -30 -20 -10 o 10 2‘0 30 4‘0
Width (mm)
b —
40 40
Width (mm)
Figure 4 Figure 5
Class I Mandibular Mandibular Arch Shape
50
45
40
35
- 30
: £
= § 0
g 15
10
5
(1]
40
Width (mm)
Width (mm)
Class 11l Maxillary Maxillary Arch Shape
50 50
T sl
40 4
E 35 +
= J 30 +
E, 551
5 Qe' 20 +
2 15 4
10 4
5 “+
. 0
= t i ' 4‘0 40
40 o 20 30 Width (mm)
Width (mm)

The Angle Orthodontist

Vol. 68 No. 1 1998 31



Braun; Hnat; Fender; Legan

Table 1
Class | mandibular and maxillary measurements with curve fit data
Measured values Curve fit values Correlation
(mm) (mm) coefficient
Cast Depth Width Depth Width r
Class | - mandibular arch
1a 40.0 59.3 413 60.1 0.98
2a 43.4 61.4 452 61.5 0.99
3a 45.9 57.7 47.9 58.8 0.98
4a 42.0 56.8 45.2 56.9 0.99
5a 44.8 53.3 50.1 56.2 0.95
6a 46.9 54.3 49.8 546 0.99
7a 442 60.2 47.8 60.9 0.99
8a 427 58.0 46.3 59.5 0.99
9a 51.3 63.8 52.9 64.6 0.99
10a 48.6 58.7 52.7 60.8 0.97
11a . 39.5 56.7 42.3 575 0.99
12a 47.5 59.0 49.0 62.9 0.95
13a 46.0 59.0 491 60.0 0.99
14a 425 56.9 42.6 56.9 0.99
15a 45.5 58.1 48.7 58.4 0.99
Average 447 58.2 47.4 59.3 0.98
Sid. Dev. 3.2 2.6 3.5 27 0.01
Maximum 51.3 63.8 52.9 64.6 0.99
Minimum 39.5 53.3 42.3 54.6 0.95
Class | - maxillary arch
1b 35.2 52.2 35.3 53.2 0.99
2b 40.3 57.8 401 57.8 0.99
3b 40.7 50.1 42.7 50.2 0.99
4b 36.8 49.4 391 494 0.98
5b 38.8 52.5 40.0 53.3 0.96
6b 41.2 49.0 40.9 50.1 0.97
7b 38.8 55.0 40.6 55.1 0.99
8b 35.4 51.3 37.4 516 0.99
9b 445 58.4 448 58.5 0.98
10b 42.9 46.4 445 50.6 0.87
11b 35.1 51.0 36.1 51.0 0.98
12b 42.3 57.7 43.5 59.1 0.99
13b 411 51.1 44.2 51.5 0.98
14b 37.3 50.7 36.7 50.8 0.98
15b 42.4 51.7 44.0 52.2 0.98
Average 39.5 52.3 40.7 53.0 0.97
Std. Dev. 3.0 35 3.2 3.2 0.03
Maximum 44.5 58.4 44.8 59.1 0.99
Minimum 35.1 46.4 35.3 49.4 0.87
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from the central incisors to the molar cross-arch
dimensijon in millimeters. The beta function rep-
resenting the dental arch shape is given by the
general formula

[X- b+cm]d'l[ X-b +cmj)°'1
a 1-
M

C C

Y=

[md-l ne—l ]
where Y is the arch depth at width X, and a, b,
¢, d, and e are parameters, and

me d-1 . ne e—1
T d+e-2’ Td+e-2"
If b=0 and d=e= 1.8, the beta function becomes

symmetrical about the centerline of the teeth. The
beta function then becomes

X 1 0.8 1 X 0.8

Y= 3.0314*D*[w + 2] [2 - Wi) 2)
where W represents the cross-arch distance be-
tween the second molar distobuccal cusp tips in
millimeters, and D the perpendicular distance
from the most anterior point between the two
central incisors to the molar cross-arch dimen-
sion in millimeters, as illustrated in Figure 3. The
perpendicular distance, D, is calculated by av-
eraging the perpendicular distance from each of
the two central incisors to the molar cross-arch
dimension.

Results

Using the least squares method, a beta function
curve was fitted to each of the 80 casts. The Table
Curve 2D curve-fitting program (AISN Software,
Inc, Redmond, Wash) was used for all curve fits
and calculations. The results are shown in Tables
1, 2, and 3, and reveal an average correlation co-
efficient of 0.98 with a standard deviation of 0.02.
A sample curve fit with measured data points
for each Angle classification of mandibular and
maxillary arches are shown in Figures 4, 5, and
6. Measured arch width is based on the coordi-
nate distance between the second molar
distobuccal cusp tips, which as seen from the
curve fit analysis, underestimates the arch width
at the second molars by approximately 1 mm.
The measured arch depth underestimates the
true arch depth by approximately 1.5 mm. Con-
sequently, when using the mathematical rela-
tionship (equation 2) based on these
measurements, the measured value for W should
be increased 1 mm and the measured value of D
increased 1.5 mm (from 80 casts, reference Tables
1, 2, and 3). The resulting equation is an excel-
lent representation of the dental arch shape, in-
cluding the second molars, and is an excellent



generalized equation of the maxillary and man-
dibular arch shapes for each of the Angle classi-
fication occlusions.

The average (typical) maxillary and mandibu-
lar arch shapes for each Angle classification are
shown in Figure 7. The curves were generated
by substituting the mean depths and widths into
equation 2. The mean maxillary and mandibu-
lar dental arch-shape equations for each Angle
classification are given by the formulas:
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Discussion and conclusions

The beta function has been shown to be an ac-
curate representation of the human dental
arches. The mean correlation coefficient of curve
fit was found to be 0.98, with a standard devia-
tion of 0.02, for the complete sample of 80 casts.

When comparing mandibular arch shapes (Fig-
ure 7), it is evident that the dental arches associ-
ated with Class III occlusions exhibit a smaller
arch depth (D) than the Class I occlusions by an
average of 3.3 mm. Additionally, the mandibu-
lar dental arches associated with Class III occlu-
sions are, on average, 2.1 mm wider, beginning
in the premolar area, than the Class I mandibu-
lar arches. The diminished arch depth of the
Class III dental arches may be related to possible
increased lip pressure in the incisor area. It is not
uncommon to find retroclined incisors in pa-
tients displaying Class III occlusion. A possible
explanation for the increased arch width (W) of
the casts associated with Class Il dental arches
is that the sum of all the mesiodistal widths of
the dental units around an arch represent a spe-
cific dimension. When the arch depth (D) is de-
creased, this peripheral dimensional excess must
be resolved in one or more ways: by an increased
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Table 2
Class Il mandibular and maxillary measurements with curve fit data
Measured values Curve fit values Correlation
(mm) (mm) coefficient
Cast Depth Width Depth Width r
Class Il - mandibular arch
16a 44 4 59.1 48.0 59.1 0.98
17a 47.9 59.9 44.8 62.3 0.97
18a 39.8 55.4 38.6 59.3 0.95
19a 47.7 57.5 48.0 57.9 0.99
20a 44.4 57.0 43.7 57.1 0.99
21a 448 56.2 441 56.2 0.99
22a 46.4 56.0 47.3 56.1 0.99
23a 38.4 56.1 41.3 56.3 0.99
24a 42.7 58.2 41.3 58.3 0.98
25a 46.9 52.1 453 53.1 0.99
26a 39.5 51.8 40.2 52.3 0.99
27a 45.7 57.5 48.8 58.8 0.99
28a a.7 55.0 43.1 55.1 0.97
29a 38.4 58.0 42.7 59.2 0.98
30a 48.6 52.8 50.1 53.9 0.98
31a 45.9 57.2 47.6 57.3 0.99
Average 43.9 56.2 44 .4 57.0 0.98
Std. Dev. 3.5 2.4 3.3 2.7 0.01
Maximum 48.6 59.9 50.1 62.3 0.99
Minimum 38.4 51.8 38.6 52.3 0.95
Class Il - maxillary arch
16b 41.6 54.2 41.9 54.2 0.99
17b 36.9 55.7 38.9 55.8 0.99
18b 39.4 48.9 40.9 49.3 0.99
19b 39.2 51.6 421 52.5 0.99
20b 36.8 51.7 39.6 52.1 0.99
21b 39.9 50.6 39.9 50.7 0.99
22b 38.9 50.2 40.6 50.3 0.99
23b 38.1 49.1 41.0 49.3 0.99
24b 34.4 52.7 34.1 52.8 0.99
25b 39.8 46.6 37.2 55.3 0.86
26b 34.6 47.5 335 47.6 0.99
27b 39.6 50.6 41.7 50.6 0.99
28b 37.6 47.6 40.6 48.5 0.98
29b 375 51.3 39.6 54.1 0.97
30b 40.2 49.0 40.7 49.1 0.97
31b 39.1 51.2 411 51.2 0.99
Average 38.4 50.5 39.5 51.5 0.98
Std. Dev. 2.0 25 2.6 2.6 0.03
Maximum 41.6 55.7 421 55.8 0.99
Minimum 34.4 46.6 33.5 47.6 0.86
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curve of Spee (not seen in Class III malocclu-
. _Table 3 . . sions), by dental units blocked out of the gen-
Class lll mandibular and maxillary measurements with curve fit data eral dental arch form, or by increased arch width.
Measured values Curve fit values Correlation | The data indicate that arch width increase is the
(mm) (mm) coefficient | option exhibited. However, it should be noted
Cast Depth Width Depth Width r that this may be a biased outcome because casts
Class Il - mandibular arch exhibiting ectopically positioned dental units
323 385 53.1 39.6 53.9 0.99 were excluded from the sample. Another pos-
332 43.0 52.6 44 .4 55.5 0.95 sible explanation for the increase in arch width
34a 43.4 60.1 44.4 61.9 0.99 (W) seen in the Class III dental arches may be
35a 471 65.5 49.3 67.0 0.99 the adaptability of the tongue to the decrease in
36a 37.6 50.8 40.1 59.9 0.97 available arch depth (D) reflected in an increased
37a 40.8 62.0 43.7 63.9 0.98 lateral tongue dimension.
38a 431 65.8 43.0 65.9 0.98 When Class Il mandibular arches are compared
39a 41.5 60.6 43.7 61.3 0.99 with Class [ arches, an average generalized re-
40a 45.9 63.6 48.8 63.6 0.98 duced arch width (W) of 2.3 mm is evident, and
Average 42.3 60.3 4.1 61.4 0.98 an average reduced arch depth (D) of 3.0 mm is
f/lt:).(iai\:ﬁ 431 6‘512 432 6‘7‘3 gg; observed. Perhaps this can be explained by the
Minimum 37.6 52.6 39: 6 53.9 0.95 fact that some Class II relationships result from
a small mandibular body. It may be that the den-
Class Ill - maxillary arch tal arch form is a reflection of this underlying
32b 36.2 51.6 38.2 52.0 0.99 bony morphology. This suggests further inves-
33b 35.9 54.5 36.9 55.9 0.98 tigation.
ggz i?i ggg 322 2;; 833 When comparing maxillary arch shapes (Fig-
36b 35.5 58:1 37:3 59_'9 097 ure 7), it is apparent that arch depths for all
37b 37.5 60.7 37 1 60.7 0.98 Angle classifications are essentially the same.
38b 41.7 61.7 39.9 61.8 0.99 However, Class Il dental arch widths are greater
39b 38.4 55.4 407 57.1 0.97 by an average 5.1 mm than Class [ widths. This
40b 42 5 58.5 44.4 58.9 0.99 begins in the lateral incisor—canine area and pro-
Average 38.7 57.3 39.9 58.1 0.98 ceeds distally. When Class II maxillary arch
Std. Dev. 2.7 3.1 29 29 0.01 widths (W) are compared with Class I widths,
Maximum 42.5 61.7 44.4 61.8 0.99 they are found to be an average 1.5 mm nar-
Minimum 35.5 51.6 36.9 52.0 0.97 rower, beginning in the lateral incisor-canine

area.

The finding of Class III maxillary arch widths
(W) being generally wider than Class I maxillary
arch widths may be surprising because lingually
positioned maxillary posterior crossbites are of-
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ten seen in the Class III malocclusion. This is fre-
quently related to an anteroposterior skeletal dis-
crepancy, with the mandibular arch advanced
relative to the maxillary arch. Consequently, the
corresponding interarch widths are not correctly
matched. However, this study has shown that
greater widths exist in the maxillary posterior
region (compared with Class I related dentitions)
beginning in the lateral incisor-canine areas and
continuing posteriorly. One may speculate that
some compensating mechanism related to the
anteroposterior Class III discrepancy results in
the observed increase in the arch width (W). Al-
terations in the curve of Wilson may be a reflec-
tion of this third-order dental compensation.
(Clinicians sometimes say that maxillary teeth or
mandibular teeth seem to be “reaching toward
each other.”)

Class II maxillary dental arches, W= 38.4 mm,
are narrower than Class I dental arches, W= 39.5
mm. This may be related to a similar compen-

sating mechanism seen in Class III dental arches,.

except in the reverse direction, as a narrower
portion of the mandibular dental arch articulates
with a wider portion of the maxillary dental arch
in Class II occlusions. It would be of interest to
study a larger sample in this regard.

A mathematical function has been found to ac-
curately represent the human dental arch form,
and additional studies to evaluate the influence
of growth and maturation on the dental arch
form would be desirable. Further studies could
address the question of gender influences on the
above findings. Earlier studies have focused pri-
marily on linear dimensional changes related to
this issue.™ Recently, Ferrario et al.® used a
fourth—order polynomial function, based on a

Form of the dental arch

combination of the parabolic and elliptical
shapes, to study gender differences in dental
arch shapes. It would be well to repeat this study
now that a highly accurate representative func-
tion has been developed.

Additionally, there are a number of orthodon-
tic treatment philosophies that promote the con-
cept of dental arch expansion to resolve arch
length deficiencies.*** Some studies have been
done relating peripheral arch dimensional
changes to expansion.**? These have been based
on relatively inaccurate approximations of the
dental arch. The beta function has been shown
to be an accurate representation of the dental
arch. Therefore, additional studies need to be
done to determine the peripheral dental arch al-
terations as related to arch width changes. The
beta function has opened the door to studying
the above-cited relationships with greater accu-
racy and, therefore, to achieving better under-
standing of the human dental arch form.
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